Abstract. We identify a set of transforms on the Picard lattice of non-singular complex projective surfaces that map effective line bundles to nef line bundles, while preserving the dimension of the zeroth cohomology. These transforms can often be used in conjunction with vanishing theorems to compute the dimension of the zeroth cohomology in terms of a topological index. The method is illustrated on del Pezzo and Hirzebruch surfaces.
Introduction and summary of results
It is usually hard to compute the cohomology of a holomorphic line bundle L over a complex manifold X. In the situation when L is ample and X a smooth complex projective variety, Kodaira's vanishing theorem ensures that all cohomology groups H i (K X ⊗L) with indices i > 0 are automatically zero, where K X is the canonical line bundle of X. In this case, the dimension of the zeroth cohomology of K X ⊗L can be computed as a topological index.
In this paper we study the case of non-singular complex projective surfaces and show that, in general, the region in the Picard lattice where the dimension of the zeroth cohomology is given by a topological index is much larger. In particular, for surfaces such as del Pezzos and toric surfaces whose fans have convex support, the statement holds true thoughout the entire Picard lattice, leading to closed form expressions for the dimension of the zeroth cohomology and hence for all higher cohomologies.
The validity of these results is derived from the existence of a transform that maps effective divisor classes to nef divisor classes while preserving the dimension of the zeroth cohomology. Theorem 1.1. Let L → S be an effective line bundle on a non-singular projective algebraic surface S, and D an effective divisor such that O(D) = L. Let {D i } be the finite collection of irreducible negative divisors with D · D i < 0. Then the isoparametric transform of D, defined as
preserves the dimension of the zeroth cohomology
The idea of the proof relies on the basic observation that a fixed component F of the complete linear system |D|, i.e. a divisor contained in every element of |D|, does not contribute to the dimension count and hence dim|D − F | = dim|D| or equivalently,
While in general it may be hard to extract the entire fixed part of a linear system, some of the fixed components are immediate:
which is a contradiction. Theorem 1.1 gives a lower bound on the number of times that a negative divisor is contained in the base locus of |D|.
The choice of terminology for the isoparametric transform is reminiscent of the notion of parameters in a family of curves. The isoparametric transformD eliminates some of the fixed components of |D|. Topological formulae for the zeroth cohomology (general case). The nef cone always contains a region where the zeroth cohomology equals the index, though the exact expanse of this region depends on the particulars of the surface in question. In general, if S is a non-singular complex projective surface, Kodaira's vanishing theorem ensures that this region includes
containing the lattice points in a shifted cone of full-dimension.
If the limitD of the iterated isoparametric transform belongs to this region, the following index-like formula for the zeroth cohomology holds
relating an analytical quantity, the zeroth cohomology of O(D) to a purely topological quantity, the Euler characteristic of O(D).
Topological formulae on other surfaces. For particular surfaces, stronger vanishing theorems can enlarge the region (1.3) to the entire nef cone intersected with the Picard lattice.
Theorem 1.5 (Kawamata-Viehweg vanishing theorem for surfaces). Let S be a smooth complex projective surface, and let D be a nef and big divisor on S. Then
Corollary 1.6. If the limitD of the isoparametric transform applied to an effective divisor D is such thatD − K S is nef and big, the topological formula (1.4) follows by Kawamata-Viehweg. In particular, this is always the case for surfaces with nef and big anti-canonical divisor class, i.e. −K S · C ≥ 0 for all curves C on S and (−K S ) 2 > 0, which includes del Pezzo surfaces.
Del Pezzo surfaces are discussed in detail as an example in Section 3. In particular, we show that the index formula (1.4) implies the following closed form expression for the zeroth cohomology of an arbitrary effective line bundle O(D):
where the index i runs over the set of all irreducible negative divisors such
Separately, a large class of toric surfaces can be treated using the following theorem.
Theorem 1.7 (Demazure vanishing theorem for surfaces). Let S be a toric surface whose fan has convex support, and let D ∈ Nef(S). Then
Corollary 1.8. Since for a compact toric surface the fan has convex support, the topological formula (1.4) applies in this case to any effective divisor D.
As an illustration, in Section 4 we discuss Hirzebruch surfaces of degree n and show that the zeroth cohomology of an effective line bundle O(D) is given by
where D −n is the unique irreducible divisor with negative self-intersection D 2 −n = −n (not present for n = 0) and θ the Heaviside function. Topological formulae on K3 surfaces. If K S is trivial, the region (1.3) becomes Amp(S) ∩ Pic(S) . This implies that the topological formula (1.4) holds for all effective line bundle except those lying on the boundary of the nef cone or preimages thereof under the isoparametric transform.
The isoparametric transform
Fix a non-singular complex projective algebraic surface S and let L → S be an effective line bundle. Knowing the dimension of the zeroth cohomology for all effective line bundles is enough in order to infer all other cohomology dimensions. The h 2 (S, L) cohomology is obtained via Serre duality and h 1 (S, L) follows by equating the index with the Euler characteristic.
The isoparametric transform, discussed below, maps effective line bundles to nef line bundles. This proves useful in the cases when the cohomology of nef line bundles can be accessed through vanishing theorems. 
Remark. The isoparametric transform is well defined as a map between line bundles, since it depends only on the class [D].
Theorem 1.1 asserts the invariance of the zeroth cohomology dimension under the transform. 
which implies the bound (2.2)
This holds for any irreducible divisor D i that intersects D negatively. Since the bound (2.2) depends on intersection products only, it must apply to any element of |D|, hence
is a fixed component of the complete linear system |D| and does not contribute to the dimension count. Consequently,
Iteration and abutment.
Starting with an effective divisor D, the isoparametric transform stops after a finite number of iterations, the resulting class being nef. This is clear since any iteration of the isoparametric transform eliminates a fixed component of |D|, of which there are finitely many. The process stops precisely whenD · D eff ≥ 0 for any effective divisor D eff , which meansD is nef. This proves Theorem 1.2. The limit of the iterated isoparametric transform applied to an effective divisor D will be denoted byD. It is clear that the class [D] depends only on the class [D] , hence the iterated isoparametric transform maps effective line bundles to nef line bundles, while preserving the zeroth cohomology dimension. We will use the notationL for the nef line bundle associated with the effective line bundle L.
The iterated isoparametric transform can be practically implemented in the following two cases:
1. The effective line bundle L comes with a section and the curve decomposition of the corresponding divisor is known. 2. The surface S carries only finitely many negative curves. In particular, this holds true if the effective cone of S is finitely generated.
In general, several iterations of the isoparametric transform are required to achieve nefness. The cases in which the isoparametric transform abuts after one iteration are interesting as they lead to closed form expressions for cohomology. This is trivially the case of surfaces that contain a single negative curve, such as Hirzebruch surfaces, discussed in Section 4. It is also the case for surfaces that contain only negative curves with self-intersection equal to −1, such as del Pezzo surfaces. To show this, we need the following results.
Lemma 2.3. Let D be an effective divisor on a smooth complex projective surface, and write {D i } for the finite collection of irreducible divisors
Let D i and D j be as above and write the curve decomposition of D
where D eff. is an effective divisor and the integers β i , β j ≥ 0. Then
But these are inconsistent unless at least one of the bracketed factors is less than one, which proves the theorem. 
Proof. This is immediate.
Theorem 2.5. On smooth projective surfaces containing no negative curves with self-intersection < −1 the isoparametric transform applied to an effective divisor abuts after at most one application.
Proof. As D is effective, write its curve decomposition as
where i, α, µ index, respectively, the irreducible divisors such that D·D i < 0, those such that D 2 α < 0 but D ·D α ≥ 0, and the remainder. As usual, denote byD the isoparametric transform of D,
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To show thatD is nef, first note thatD · D µ ≥ 0. Furthermore, note that
by Corollary 2.4. It remains only to show thatD ·D α ≥ 0. Collect the terms proportional to D i inD
where we have used again the relation 
HenceD is in the nef cone. 
For certain surfaces this gives a topological formula for the dimension of the zeroth cohomology throughout the entire effective cone. As stated in Corollary 1.6, this is always the case for surfaces with nef and big anticanonical divisor class.
Proof of Corollary 1.6. Let D be an effective divisor andD its isoparametric transform limit. The Kawamata-Viehweg vanishing theorem applies toD, in the sense that all higher cohomologies h i>0 (S, O(D)) vanish, if D − K S is nef and big.
In particular, if K S is nef and big, then nefness ofD − K S is immediate, sinceD is always nef. Recalling that a nef divisor is big if and only if its top self-intersection is strictly positive, bigness ofD − K S follows from
since (−K S ) 2 > 0, as −K S is nef and big.
2.3. Back-engineering the negative curves. So far we have discussed the isoparametric transform as a means of procuring topological formulae for cohomology. The other aspect of the isoparametric transform is that, given (at least some partial) knowledge of line bundle cohomology on a given surface, the negative curves on that surface can be worked out.
Calculations on del Pezzo surfaces
Theorem 3.1. On a del Pezzo surface, the zeroth cohomology of a line bundle O(D) associated to an effective divisor D is given by
where the index i runs over the set of all irreducible negative divisors such that D · D i < 0.
Proof. Since the anti-canonical divisor of a del Pezzo surface is ample, Corollary 1.6 implies that the zeroth cohomology of any effective line bundle can be computed using the topological formula (1.4). Moreover, del Pezzo surfaces contain no curves with self-intersection less than −1, hence Theorem 2.5 implies that the isoparametric transform abuts after one iteration.
Note that the list of exceptional curves on a del Pezzo surface is wellknown and short, so in practice it is easy to compute the isoparametric transform. Additionally, the list of generators of the nef cone is also wellknown and relatively short, so since this cone is dual to the Mori cone, effectiveness of divisors can easily be checked using intersection properties.
Hirzebruch Surfaces
As a particular example of compact toric surfaces, consider the Hirzebruch surface F n>0 containing a single negative irreducible divisor, D 2 −n = −n. Theorem 4.1. On the Hirzebruch surface F n , the zeroth cohomology of the line bundle O(D) associated to an effective divisor D is given by The result is nef, and the Demazure vanishing theorem gives the result.
